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WITH MOTION-CONSTRAINT STOPS 

by 

S, S. Chen, G, S, Rosenberg, 
and M, W. Wambsganss 

ABSTRACT 

As the resul t of clearances imposed by manufactur­
ing pract ices and design considerations, reactor fuel pins 
a re susceptible to impacting with their supporting g r idmem-
b e r s , and heat-exchanger tubes can be expected to contact 
flow-directing baffles, which also serve as their intermedi­
ate supports. This intermittent contact will affect the vibra­
tional character is t ics and response of the component. To 
gain insight into the dynamics of the phenomenon, a theore t i -
cal analysis of a sinus oidally force-excited beam with mot ion-
limiting stops is performed and a method of solution is p re ­
sented. The "gross" motion is obtained through reduction of 
the system to a bilinear vibrating model. Information obtained 
from this model is used in a classical modal analysis in which 
many modes are included to give the dynamic s t r esses and 
impact in explicit form. Numerical results are given, and the 
character of impact is also investigated. The method is ap­
plied to study the tube-baffle interaction induced by c ro s s -
flow in the EBR-II superheater. 

I, INTRODUCTION 

Various internal components of reactors and associated plant equip­
ment, such as fuel, control rods , and heat-exchanger tubes, are long, slender 
members that derive their lateral support from intermittent, grid-type 
spacers or , with heat-exchanger tubes, baffle plates. Manufacturing and 
fabrication pract ices require a minimum clearance between component par t s . 
Therefore, vibrations make the components susceptible to impacting and 
rubbing with the support, which could cause them to fail s t ructural ly by 
wear and fretting. Such impacting affects a component's vibrational char­
ac ter i s t ics thus further complicating analysis. To gain insight into the 
dynamic response of reactor system components that are subject to impact­
ing with support m e m b e r s , a theoretical analysis of a simply-supported beam 
with motion-limiting stops was undertaken. The objectives of the study were 
to determine the dynamic s t r e s se s in the beam and impact at the stop and to 
investigate the effects of various parameters on the response of the beam. 



ri t-r, d e t e r m i n e the i m p a c t and the 
Numerous a t tempts have been " ^ ^ ^ ^ J " ^ . ! - , ^ ^ „ y of the r e s u l t s a r e 

s t r e s s e s produced when a m a s s ^ ' " ^ " ^ 4 However , an i m p o r t a n t i n -
descr ibed in a book on impact ^V G° lds rm . ^ ^^^ un touched 
v e r s e problem involving a v ibra t ing ^^f^ ^^^^.j^^^^ing load p r o b l e m s w e r e 
until some 20 yea r s ago when se r ious dynamic Ian g ^^ a n a l y s i s ^ ' ' 
encountered in la rge landplanes - ^ " ^ P ^ ^ ^ ^ ^ . ' ^ ^ j i , „ a i n g s t r e s s e s in 
a re available for the des igner in - ^ ^ ' " ^ ^ ^ / f ^ ^ ^ ^ ^ p . i o n tha t the l and ing i m -
ai rp lanes , but the methods a r e based on the ^ ^ ^ P Th i s a v o i d s 
p a c ' force is independent of the a i rp lane ^ t ruc ura^ ' . ' ^ . ' ^ ' i ^ ; 'of the a i r p l a n e 
L e r e n t complexit ies such as those - - ^ - / f ; - ^ ; ^ ^ "of the l a n d p L e . r :t:e^fy"Dersn::::ertrsrss°eVi: T.ti i . . . .mpact with. 
Tp He obtained the bending s t r e s s for i m p a c t of the f r ee end of a f r e e -
Jl^ned beam on a stop. N e v e r t h e l e s s , t h e r e is s t i l l a ^^^^J^^^'^^^^^^ 
L o r m a t i o n regard ing the impact and the dynamic r e s p o n s e of a b e a m 
vibrat ing between two deflection r e s i s t o r s or s t o p s . 

Vibration of a beam with mo t ion - l imi t i ng s tops is c o m p l i c a t e d by 
the fact that the vibrat ion is nonl inear in n a t u r e . The n o n l i n e a r i t y i s due to 
the cons t ra in t imposed on the motion and indenta t ion at t he stop^. If the loca l 
deformation at the contact a r ea , as d e s c r i b e d by the H e r t z law, i s i n c o r ­
porated in the theory, it will be n e c e s s a r y to solve a n o n l i n e a r i n t e g r a l 
equation or to analyze the r e sponse of a b e a m on a n o n l i n e a r s p r i n g . T o 
gain insight, s eve ra l approximat ions a r e m a d e . The loca l d e f o r m a t i o n i s 
neglected, and a r igid stop is a s sumed ; f rom the so lu t ion of a flying b e a m 
str iking a stop, we find that- this a s s u m p t i o n is ju s t i f i ed . T h e n a o n e - m o d e 
approximation is used to inves t iga te the s t e a d y - s t a t e r e s p o n s e of t he b e a m . 
After the one-mode r e sponse is obtained, m o r e m o d e s a r e i nc luded in the 
analysis to m o r e accura te ly d e t e r m i n e d y n a m i c s t r e s s e s and i m p a c t , 

II. MATHEMATICAL FORMULATION AND 
METHOD OF SOLUTION 

The equation of motion for a v ib r a t i ng b e a m of u n i f o r m c r o s s sec t ion , 
including the effects of damping and d i s t r i b u t e d load is a s s u m e d to be 

- S - ^ & t - l f - S f ^-(-)- 0) 
Rotatory iner t ia and shea r d e f o r m a t i o n a r e n e g l e c t e d . T h e t h e o r y of v i b r a ­
tion and of the assoc ia ted impac t can be d e v e l o p e d in a g e n e r a l m a n n e r for 
various conditions of suppor t . H e r e , a s i m p l y - s u p p o r t e d b e a m , as i l l u s t r a t e d 
in Fig. 1, is taken as a vehic le to d e m o n s t r a t e the m e t h o d of a n a l y s i s . 



•i ,1' Fig. 1 

Simply-supported Beam with 
Motion^oiistraint Stops. ANL 
Neg. No, 113-3286. 

T h e bounda ry condi t ions for a s i m p l y - s u p p o r t e d b e a m a r e 

y(0,t) = 0; y ( i , t ) = 0; 

^ ( 0 , t ) 
6x2 5x2 

-t,t) 
(2) 

B e c a u s e the b e a m is c o n s t r a i n e d by the s tops at x = a, an add i t iona l 
condi t ion is r e q u i r e d at t ha t s ec t ion ; neg l ec t i ng loca l d e f o r m a t i o n at the 
con tac t point , we can w r i t e 

-e^ s y(a, t ) <. e i . 

A s s u m e tha t the in i t i a l cond i t ions a r e 

y(x,0) = yo(x) 

and 

(3) 

§^(x,0) = yo(x) 

y . (4) 

B e f o r e we p r o c e e d wi th the a n a l y s i s , it i s d e s i r a b l e to e x p r e s s the 
t e r m s in d i m e n s i o n l e s s fo rm; a c c o r d i n g l y we put 

^ - V̂ . ' - .(l^)"'. Q 
FV 
EI 

w = y, A. <' = ^ ( i ^ 

a/-t. = C 

ej = e j / ' t , and Ci 

(JL 
VEIm 

E I 

1/2 

1/2 

1/2 

o/-t, Wo = y 

1/2 
Vo = ( ^ 1 yoi. 

(5) 
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In dimens 

Lw = Q 

where 

r „ TTr, 1 is rcduced to ionless form, l-q, ^ 1= 

L = ^ ^ ^ bl^br ii 6T' 

The opera tor L is defined in the domain 

/ 0 ^ T 
D(L): W ( | , T ) , \ Q g 5 S 1 

with the following boundary an d init ial condi t ions: 

5'w , 

and 

^(0,1) = • ^ ( 0 , T ) = 0, 

.{i,T) = g r d . ^ ) = 0. 

-62 s w(r,T) s e,, 

w(5,0) = wo(l). 

^ ( 1 , 0 ) = v„(|). 

(6) 

(8) 

(9) 

(10) 

The problem is to find w(5, T) which s a t i s f i e s E q s , 6 and 8-10 s u c h tha t Lw 
is in the domain of L, 

With no loss of genera l i ty , it is a s s u m e d tha t 

- Sz < w(r,0) < Ii 

and 

v„(r) > 0 

(11) 

The problem can be d e s c r i b e d in two r e g i m e s . If the b e a m does not s t r i k e 
the stop, i ,e, , -e^ < w(r,T) < i j . Eq . 9 can be i g n o r e d . Af te r t he b e a m s t r i k e s 
the stop, i ,e , , w{r,T) = I j , o r w(r ,T) = -e^ , the b e a m v i b r a t e s as a t w o - s p a n 
continuous beam. These two r e g i m e s a r e d e s c r i b e d as fo l lows: 
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1, F o r - 62 < w( r , T) < ei 

Lw = Q (12) 

and 

bl^ 

^(i.T) = f ^ d . T ) = 0, 

w(| ,0) = Wo(|), 
(13) 

and 

bw 

"5^ 
(1,0) = Vo(5), 

The u n d a m p e d s y s t e m c o n s t i t u t e s a s e l f - a d j o i n t p r o b l e m . S e v e r a l m e t h o d s 
a r e a v a i l a b l e for a n a l y t i c a l so lu t ion , s u c h as the n o r m a l - m o d e me thod . 
G r e e n ' s funct ion, o r f ini te t r a n s f o r m . The so lu t ion is s u m m a r i z e d as follows: 

N a t u r a l f r e q u e n c i e s 

D i s p l a c e m e n t 

N o r m a l m o d e s 

On = n̂ TT̂  

W ( | , T ) = Zqn(T)cPn(5) 
n 

n = 1, 2, 3, 4 . . . 

(14) 

w h e r e q^ is the n o r m a l c o o r d i n a t e , which is the so lu t ion of the following 
equa t i ons : 

'-^^^inOn^.aUn = j ^ / / Q ( l , x)cpn(5) d | , 

qn(0) = T ^ / 'wo ( l ) cPn (? ) d§ , 
(15) 

and 

sqn(o) 
jt lo ^°'^'^"^^' ''• 
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where 

£n 2 ZQn (16) 

and 

Mn / ' <Pfi(5) d? 

2, Fo r w(r,T) ^ 

*• „ i„ Fns 14 we can find the t i m e when 
F r o m the d isplacement ^ q - - ! ; _ ° " ; ; J j , , , As soon as the b e a m 

the beam s t r ikes the stop: let it ^e d e - g n a ed as « ^^ ^^ ^ ^ ^^ ^^^ 
s t r ikes the stop, an additional condition a t^e p ^^ ^^^ _ ^ , ^ ^ ^^^^,_ 
sys tem. The displacement and velocity at Tg a 

' , . Tii*irpfnre we can w r i t e 
tions of the second reg ime . T h e r e l o r e , w 

L W ( 5 , T ) = Q(I,T) 
(17) 

and 

and 

KO,T) = | ^ ( 0 , T ) = 0, 

.(i,T) = grd.-) = 0, 

w(r,T) = ei or - e^, 

w(?,Ts) = wi(?). 

| 7 ( ^ - ' l . = . 3 = - ' ^ ' ' 

(18) 

where 

and 

'i(5) =Eqn(Ts)Vn(l) 1 

vi(?) = E ^ ( T , ) c P n ( 5 ) 
n " ' J 

(19) 
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Equa t ions 17 and 18 d e s c r i b e a l i n e a r s y s t e m with nonhomogeneous bounda ry 
cond i t i ons . To e l i m i n a t e t h e s e c o n d i t i o n s , l e t 

W ( | , T ) = W ( | , T ) + w i ( | ) (2 0) 

If we s u b s t i t u t e Eq . 20 into E q s . 17-19 and u s e the p r o p e r t i e s of Wi( | ) , the 
s y s t e m d e s c r i p t i o n b e c o m e s 

a n d 

a n d 

L W ( | , T ) = Q ( ? , T ) 

W(0,T) = 0 ( O , T ) = 0, 

W(1,T) = 3 ( 1 , T ) = 0, 

w ( r , T ) = 0, 

^ ( § , T S ) = 0, 

v i ( 5 ) . 

(21) 

(22) 

w h e r e 

Q ( ? . T ) = Q ( 5 , T ) -i:n'nqn('rs)q'n(5)- (22,a) 

Again we obta in a s e l f - ad jo in t s y s t e m for the u n d a m p e d p r o b l e m . The 
n o r m a l - m o d e m e t h o d of so lu t ion is s u i t a b l e for so lv ing th is s y s t e m . On 
r e p r e s e n t i n g w( 5, T) by 

W ( ? , T ) = Z q n ( T ) 9 n ( l ) , 
n 

we obta in the fol lowing r e s u l t s : 

Natural frequencies: fin = kn 

Displacement: W( | ,T) = Zqn(T)tPn(5) + wi(5) 
n 

n = 1, 2, 3, ,,, 

(23) 

(24) 
(Contd,) 
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sin (knJ^) • u /iT Fl 0 £ £ ^ r 
Normal modes: tpn = sm {kni} ^ . ^ j ^ (j^,.) 

9„ = s in(k„r){-cot [kn( l - '^M'^i"[ '^"<^" ' '^ 

-cos [kn(5- ' - ) ) + =°=^ [kn( ?- '•)] 

+ c o t h [ k „ ( l - r ) ] s i n h [ k „ ( 5 - r ) ] } , r £ 5 ^ 1, 

w h e r e k^ is the s o l u t i o n of 

c o t ( k ^ r ) - c o t h ( k n r ) = - c o t [ k n ( l " ^)] + ^ ° t h [ k n ( l " ^)'\ 

(Contd.) 
(2 4) 

(25) 

and 

and 

1 % _ bqn 
2- +2Cnnn-g:^ + %qn 4- / 'Q(5,T)cPn(?)d5, 

1V1„ -'o 

qn(-rs) = 0, 

^(^s) = i/ ;vi(i)^„(?)d?, 

Mn = f 9'n(l) d5. 

c^^ 
Cn 

2 " n ' 

(26) 

F r o m the d isp lacement equation in E q s , 24, we can find the t i m e 
Tj-, (measured from the t ime of contact) when the b e a m d e p a r t s f r o m the 
stop. At this t ime, it r e v e r t s to r e g i m e 1, Hence we a r e ab le to find the 
response of the beam at any t ime by us ing s t e p - b y - s t e p a n a l y s i s . H o w e v e r , 
if a large number of modes a r e included, it is v e r y t ed ious to s tudy the 
s teady-s ta te response by this method. T h e r e f o r e , the fol lowing p r o c e d u r e 
is followed to avoid complexi t ies : 

1, F r o m a " f i r s t -mode approx ima t ion" ( i , e , , the b e a m is a s s u m e d 
to respond as a s y s t e m with a s ingle d e g r e e of f r e e d o m ) , the 
"g ros s " response of the b e a m is ob ta ined . 

2, With th. 
more rr 
impact. 

e information obtained f rom f i r s t - m o d e a p p r o x i m a t i o n 
more modes a re included to find the d y n a m i c s t r e s s e s and 
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a n d 

a n d 

27 

III, O N E - M O D E A P P R O X I M A T I O N 

A, R e d u c t i o n to a B i l i n e a r V i b r a t i n g Mode l 

A s i m p l y - s u p p o r t e d b e a m with a s y m m e t r i c s top at m i d s p a n is con ­
s i d e r e d , i . e . , r = -J, •?, = 'ej = ^- If only the f i r s t m o d e i s t aken , we obta in 
f r o m E q s , 14-16, 20, 23 , 24, and 26 the fol lowing r e s u l t s ( s ee F i g , 2): 

1, F o r - e < W ( - | , T ) < e, 0 g T g Tg 

W ( | , T ) = qi(T)tp,(§), 

W ( I . T ) = qi(T)tpi(|), 

q, + 2£ ,n ,q i + nfqi = - i - / ' Q(|,T)cpi d | , 
M-i JQ 

qi(0) = TJ- r wo(|)tpi d | , 

'̂(°) = w, r °̂(?)̂ ' ^^• 
2, F o r W ( | , T ) = ig-, Tg ^ T g Tg + Tp 

W ( 5 , T ) = qi(T)cpi(|) + qi(Ts)cpi(|), 

W ( I . T ) = qi(T)tpi(|), 

t l + 2£iniqi + niqi = n ^ J^' Q(?,T)tpi Al, 

q i ( T s ) = 0, 

J. q('^s) r ' -

Q ( | , T ) = Q ( 5 , T ) - qi(Ts)n?cpi(|), 

(28) 



l b 

q (T)i(O 

( o l REGIME I 

Fig, 2 

Displacement of Beam Using One-mode 
Approximation, ANL Neg, No, 113-3282. 

(b ) REGIME 2 

To incorporate Eqs , 27 and 28 into one s y s t e m , it is n e c e s s a r y 
to have continuous conditions at T = Tg such that the n o r m a l c o o r d i n a t e s 
q, and qj for the two reg imes can be combined into one . To a c c o m p l i s h 
this, we define a new normal coordinate , qi(T), such tha t 

ii(Ts) = qi(Ts) 

and (29) 

qi(Ts) = qi('''s) ^ 

These conditions a r e satisfied by taking 

qi(T) = p-qi(T) + qi(Tg), 

where 

/ tPitPi d | 
C, = °̂ 

/ ' v i d i 

also let 

^i(l) = C,cpi(|). 

(30) 
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Subs t i tu t ing E q s . 30 into E q s , 28, we ob ta in a s the new s y s t e m of equa t ions 
for W ( - | , T ) = +e, TS £ T S Tg + T£,, 

W ( 5 , T ) = [q i (T ) -q i (Ts ) ] cpi(l) + qi(Ts)cp,(5), 

W ( | , T ) = qi(T)tp,( |) , 

qi + ZQi^Ai + " i 

qi(Ts) = qi(Ts) 

^1 - q i (Ts ) 1 1 r ' ^ -
^ r io ^^' 

d?. 

a n d 

(31) 

qi(Ts) = qi(Ts) , 

A s s u m e the fo rc ing function is p e r i o d i c and of the f o r m 

Q ( I . T ) = Rf ( | ) cos OT, (32) 

w h e r e R is a c o n s t a n t and 

io f( f (5) d | = 1, 

C o m p a r e E q s , 27 wi th E q s , 31 , and o b s e r v e tha t the n o r m a l c o o r d i n a t e s 
qi and qj a r e g o v e r n e d by the s ing le equa t ion 

w h e r e 

a n d 

a n d 

q + fi(4) + f2(q) = fa cos QT, 

for | q | s e, fi(q) = 2Ciniq, 

f2(q) = n 'q . 

f3(q) = CjR; 

for | q | S e, f,(^) = 2 C A q , 

f2(q) = nf(q - «) + ^h. 

f3(q) = C3R; 

(33) 

(34) 
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and 

/cpi(i) 

Jo 

r'<pf(t 

i(§) d | 

, ) d | 

and 
(35) 

/ ' f ( ? ) ^ i ( ? ) d | 

C3 = ° 
J ' tpicpi d | J 

T h e d i s p l a c e m e n t of t h e b e a m is c h a r a c t e r i z e d by q(T) 

W ( | , T ) = q(T)tpi( | ) , f o r | q | £ e; 

W ( | , T ) = Ci[q(T) - e] cpi(l) + ecpi(l), f o r | q | 2 e. 

(36) 

E q u a t i o n 33 is t h e s a m e a s t h e e q u a t i o n of m o t i o n of a u n i t m a s s 

on a b i l i n e a r s p r i n g e x c i t e d by a p i e c e w i s e l i n e a r f o r c e a s s h o w n i n F i g , 3 . 

B , V a n d e r P o l a n d K r y l o \ 

B o g o l i u b o v M e t h o d s 

Fig, 3, Restoring Force and Its Equivalent 
System. ANL Neg, No, 113-3278. 

q(T) = A ( T ) c o s 9, 

W h e n q < e, t h e s y s t e m 

d e s c r i b e d b y E q , 3 3 i s l i n e a r a n d 

t h e s o l u t i o n w i l l b e c o s i n u s o i d a l i n 

n a t u r e . F o r q > e, i t i s r e a s o n a b l e 

t o a s s u m e t h a t t h e t r i g o n o m e t r i c 

c h a r a c t e r of r e s p o n s e w i l l b e p r e ­

s e r v e d . T h e r e f o r e t h e V a n d e r P o l 

a n d K r y l o v - B o g o l i u b o v M e t h o d s ' " 

a r e a p p l i c a b l e f o r o b t a i n i n g t h e 

s o l u t i o n . L e t t h e s o l u t i o n t o 

E q s , 3 3 a n d 34 b e a p p r o x i m a t e d by 

(37) 

w h e r e 

e = ni - ^,(T) 
(38) 
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a n d A ( T ) a n d I|I(T) a r e s l o w l y - v a r y i n g f u n c t i o n s of T. T h e n , 

q = A ( T ) c o s e - nA(T) s i n 9 + 4 I ( T ) A ( T ) s i n 9. (39) 

L e t u s f u r t h e r a s s u m e , a s a f i r s t a p p r o x i m a t i o n , t h a t 

A ( T ) c o s 9 + iit(T)A(T) s i n 9 = 0 ; (40) 

t h e n 

q = - n A ( T ) s i n 9 (41) 

a n d 

q = - a A ( T ) s i n 9 - n^A(T) c o s 9 + nA(T)i|((T) c o s 9. (42) 

S u b s t i t u t i o n of E q , 42 i n t o E q . 33 g i v e s 

- n A s i n 9 - n^A c o s 9 + nAijt c o s 9 + f i (q ) + i^{q) = ij{q) c o s O T . (43) 

M u l t i p l y i n g E q . 40 b y Q s i n 9 a n d E q . 43 b y c o s 9 a n d a d d i n g , a n d t h e n 

a v e r a g i n g o v e r o n e c y c l e of 9, w e o b t a i n 

Q2A 1 /-2Tr 1 /-2n 
n^iA - -i-^ + - ^ / fi({i) c o s 9 d 9 + -— / f2(q) c o s 9 d e 

2 2TT / 2TT ' 

1 r^" 
— I f3(q) c o s e c o s (0 + V) d e . (44) 

S i m i l a r l y , m u l t i p l y i n g E q . 4 0 b y n c o s 9 a n d E q . 4 3 by s i n 9 a n d a d d i n g , a n d 

t h e n a v e r a g i n g o v e r o n e c y c l e of 9, g i v e s 

-nA + 
1 r ^ " 1 /"^" 

— / f i (q ) s i n 9 d9 + — f i (q) s i n 9 d9 
2 n / z n 1 

Jn •'a 

2 n 
f3(q) s i n 9 c o s (9 + if) d9. (45) 

If w e l e t 

° c ( A ) = ^ / „ f i ( q ) c o s 9 d9. 

°s(A) = i/r̂ ''̂ ^^^"'"'' 
( 4 6 ) 

( C o n t d , ) 
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- c ( A ) ^ ^ / ; f2(q)cosede, 

-s(A)-ir^^(^'-^^^' 
- c ( A ) ^ , T 7 ^ r ^ 3 ( q ) c o s e c o s ( 9 . * ) d e , 

(Contd,) 
(46) 

and 

F (A) = — ^ r 3̂(9) «i" s ^°^ ^̂ + 
" s\^l ne sm if Jo 

t) d9. 

Eqs, 44 and 45 become 

2ni- - 0'- + nDc(A) + Ec(A) = Fc(A) cos ̂  

and U 

-2n- + fiDs(A) + Es(A) = Fs(A) sin * 

(47) 

Equations 47 may be regarded as a comple te s t a t e m e n t of t he p r o b l e m in 
t e rms of A and Ci. The analysis is valid for any type of s y s t e m w h e r e 
f,(q), f2(q), and f3(q) may have some nonl inear f o r m s . F o r the b i l i n e a r 
system descr ibed by Eqs , 33, the i n t eg ra l s of E q s , 46 y ie ld 

Dc(A) = 0, 

D (̂A) = -2C,n,-

Ec(A) = nf- for A £ e. 

( f + ^ ^ ) ( n f - n f ) s e c 9 i + ^ n ! 

-{nj - n\) sin 9i 

Es(A) = 0, 

for A 2 

> (48) 
I (Contd,) 
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Fc(A) = C ^ ^ 

7 ( C 3 - C 2 ) ( | + i s in 2 9 , ) + ^C2 

for A S e, I (Contd,) 
(48) 

Fg(A) 

and 

- C , ^ 

4 R 
rr e 

( C 3 - C 2 ) ( ^ - i s i n 2 9 i ) + ^ C , 

for A 2 e, 

for A s e, 

for A 2 e. 

w h e r e 9i = c o s " ' ( G / A ) . H e n c e , E q s , 47 r e d u c e to 

2n i i i - - n^— + E ^ ( A ) = Fc(A) cos ii 

and 

-2n— + nDs(A) = Fs(A) s in iJ 

(49) 

The s t e a d y - s t a t e r e s p o n s e is ob ta ined f rom E q s , 49 by se t t ing A and ij equal 
to z e r o . T h i s g ives 

and 

- t f - 2 + E^(Ao) = Fc(Ao) cos *„ 

OD fA„) = Fg(Ao) s in iio 

(50) 

w h e r e the s u b s c r i p t o deno te s s t e a d y - s t a t e v a l u e s . F r o m t h e s e two 
e q u a t i o n s , the fol lowing p h a s e angle and a m p l i t u d e - f r e q u e n c y r e l a t i o n a r e 
obta ined: 

tan io 

and 

Fc(A|,)nDa(Ao) 

F 3 ( A „ ) [ E , ( A . ) - I f ^ ] 

Cf - 2 E, (A . ) i - - iD | (A . ) ( f^ ) (^ j ' 

. [Ei(A„) - Fi(Ao)] (^)^ = 0, 

(51) 
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If Ao < c, Eqs , 51 reduce to the fami l ia r fo rm 

2 £ 1 ^ 1 " 
tan to = n! - n̂  

and 

C,R 

(51.a) 

(n̂  - nf)̂  + 4£iniff = [-^) 

which is the s teady-s ta te reponse of a spr ing m a s s s y s t e m , 

C, Stability Analysis 

Let 

A = Ao + £ 

and 

• = to + fl 

(52) 

where Q and T] a r e smal l per turba t ions on the s t e a d y - s t a t e p a r a m e t e r s . 
Substituting Eqs . 52 into Eqs . 49 and neglect ing h i g h e r - o r d e r t e r m s , we 
obtain 

2 n - ^ l i + Fc(Ao)(sin i/o)!] + Et(A„) Fc;(Ao) cos to C = 0 

and 

2f^-C + [Fs(Ao) sin to" nDs{Ao)] C, - F s ( c o s to)fl = 0 

(53) 

where 

Et(A„) 6Ec(A) I 
bA 

'A = An 

Ei(Ao) = E ^ I 
A = A„ 

bA I A 

and 

D^Ao) = 5£s(A) 
6A A = A„ 

(54) 
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To examine the behavior of the small perturbations £ and T), let 

\ T 

and 

C = Ce 

Tl = Tle'^'^ 

Substitution of Eqs, 55 into Eqs, 53 yields 

f 2 n \ ^ +Fc s in t o ) f l + ( E t - — - F c cos to ) £ = 0 

(-Fg cos to)Ti + ( 2 n \ i + F ^ sin to " f^^s j C = 0 

(55) 

(56) 

The frequency equation is obtained by setting the determinant of the coeffi-
cientsof T] and Q equal to zero; this yields 

(znxY + (2n\)G + H = 0, 57 

where 

G = 2£inin(l- J ^ ) + l^eQDg 

and 

(58) 

H = Fc sin to(eFs sin to " ^eDg) + Fg cos to(efci - ^ - eFc cos to) . 

For a given set of 0 and AQ obtained from Eq. 51, one can determine the 
value of X from the character is t ic equation, Eq, 57, It may be shown that 

G > 0 for all AQ. (59) 

If H = 0, one root of Eq, 57 is Xi = 0, and the other is negative real; the 
system is on the margin of the stable region. If H < 0, the eigenvalues 
Xl and X2 are both real and XjXj < 0; the system will be unstable. If H > 0, 
the eigenvalues may be either real or complex-conjugate, but the real 
part of both roots will be negative; therefore, the system is stable. 
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IV, IMPACT AND DYNAMIC STRESSES O F THE B E A M 

F r o m Eqs, 36, 37, and 41, we have for the s t e a d y - s t a t e r e s p o n s e of 

the one-mode approximation 

W ( | , T ) = q(T)cfii(?) 

= Ci (q- e)tpi + etpi 

q(T) = Ao cos {QT - to). 

for | q | ^ e, 

for | q | 2 e, 

and 

q(T) = nA„ sin ( O T - to)-

. (60) 

To study the s t r e s s and shear force r e s p o n s e s of the b e a m , add i t i ona l m o d e s 
must be included in the analysis to obtain sufficiently a c c u r a t e r e s u l t s . The 
response will be cha rac te r i zed during a q u a r t e r of the p e r i o d of t he fo r c ing 
frequency. Let To, Ts, and Te be defined as the t i m e s when the b e a m p a s s e s 
the natural equil ibrium position, s t r i kes the stop, and r e a c h e s the e x t r e m e 
position, respectively; thus 

and 

and 

q(To) 

q(^.J 

q(Te) = 0, 

(61) 

i 3. 
n 2 

n + to. 

Ts = n(2^+*0-COS- 'J-J , 

and 

( 6 2 ) 

1, To £ 

= •n (2n+ to) . 

'̂  ^ Tg (Without s t r i k i n g t h e s t o p ) 

in i t i a l c ! n r f - ! " ^ " ' ^ ' ' u ' ° ' ' ' "•' ' ~- ' " • °^ ° n ^ - " ^ ° d e s o l u t i o n i s t a k e n a s t h e 
- m a l condi t ion of t h i s r e g i m e . In E q s , 60 a n d 3 2 , l e t T ' = T - T„; w e t h e n 
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w ( | . T ' ) L , = q(To)tpi(l), 
T ' =0 

w( | ,T ' ) | ,_ = q(To)tpi(?), 
(63) 

and 

Q( | , T) = Rf(|) cos QT = Rf(|) cos [n(T' + To)] = Q( | , T ' ) . (64) 

Because the beam does not str ike the stop, the system is described by 
Eqs, 12-16, In te rms of T', using Eqs, 63 as the initial conditions and 
Eqs, 64 as the forcing function, one obtains the solution 

w ( | , T ' ) = Z q i ( T ' ) c P i ( 5 ) , 0 S T' S Ts - To, (65) 

i 

where 

and 

qi(T') = [tti s i n ( y r ^ i n i T ' ) + 3i cos ( VlTclniT') J e ' ^ i " i ^ 

hi + ^ R cos [n(T' + To) - &], 

ai = 
yi - ciOi. 

r.n.g. + ̂ R n sin (nTo- e.) + Aonsi, 
*i 1 1 p^ 

B; = ^ Rcos (̂ To - Oi), 
Pi 

,1/2 

p̂  = m-cff + HncfY'\ 
9i = tan ' ^ i _ 2 _ , 

2, Tg S T S Tg (In contact with stop) 

(66) 

The displacement and velocity of the first regime at T = Ts will be 
taken as the initial conditions for the second regime. At T = Tg, i.e., 

T' = Ts - To, 
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and 

^ ( i . T ' ) | ^ , ^ ^ . , ^ = Z q i ( T s - T o ) c p i ( i ) 

s i 

Iq i (Ts - To)<Pi{?) Hl.^-)\^,._ Tg-To 

(67) 

In this regime, the motion is desc r ibed by Eqs , 20-26, If we let T" = T - T^, 

i ,e. , 

T" = T. - ( T s - T „ ) , (68) 

the initial conditions for w( | , T") can be wr i t ten 

w(?,0) = 0 

and 

w(| ,0) = Zq i (Tg- T„)tp.(5) 

(69) 

and the forcing function becomes 

Q ( | , T " ) = R f ( | ) c o s [n(T" + Tg)] - Z C ^ q i ( T s - To)tPi(5), (70) 

If we use Eqs. 69 and 70 and follow the ana lys i s given in Sec t ion II, the 
solution in the second reg ime is 

where 

qi(T") 

^d.T") = Zqi(T")cpi(5) +Zqj(Ts-To)cp,( | ) , 

. Sin (̂ 1 - cfaT") + pj cos( yrr^n.T") 

+ ̂ R c o s [n(T' + Tg) - % ] , 

h i 

(71) 

- r . n . T" 
* 1 1 

'' - '^A 
gi+ | rRns in(nTg-9 i ) + c^nje. 

(72) 
(Contd.) 
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0 di hi , 3 , (Contd.) 

Pi=[("1-"0^ + 4?iH"' 

- - l iCAO 
9i = tan — . 
' n| - n̂  

hi = A- ff(l)9i(l) d?, 
M; -' 

gi = =-Z'^n('^^ " To)Cni, 
"^i n 

^i - - I C „ i q , ( T g - T o ) n ^ , 
Mi n 

and 

Cni = / / 9n(?)^i(l) d| . 

The motion of the beam is completely described in Eqs, 65 and 71. 
If we use the s t ress -d isp lacement relation from the theory of elasticity, 
the dynamic bending s t r e s s a and shearing force V are given by 

E z 

and 

J ( | , T ) = Ca( l ,T)- ;pe 

V ( | , T ) = C V ( § , T ) — e 

(73) 

where 

for To S T s Tg, or 0 S T' S Tg - To, 

and 

cv = -Iq^(T')<(l) 

>; (74) 



and 

fo r Tg £ T £ Te, o r O S T" S Te - Tg, 

Cv = 

Z q i { T " ) i P r ( § ) + Z q i ( T s - T o ) c p l ' ( ? ) 

I q i ( T " ) i p : " ( | ) + I q i ( T s - T o ) q 3 i ' ( ? ) 

(7 5) 

and z is the distance between the neu t r a l axis and the point c o n s i d e r e d . 

The impact at the stop is 

IO(T') = 0 for 0 £ T' S Tg - To 

and 

IO(T") = V(5,T")|^^^^ + V(5,T")|^^^. fo 

For a midspan stop, Eq. 76 reduces to 

where 

r 0 S T" S Tp - T„ 

• (76) 

(77) 

Ci = 0, 

= 2 C v ( i , T " ) , 0 s T" < Te - T, 

(78) 

V. NUMERICAL RESULTS 

The theory is p resen ted for a s i m p l y - s u p p o r t e d b e a m . If the n a t u r a l 
frequencies, normal modes , and other r e l a t e d p a r a m e t e r s of the s i m p l y -

IseeTZe T\TJ""'""'^ ' ^ '"^"^^ c o r r e s p o n d i n g to o t h e r end cond i t ions 
both the ' • / " " " ' " ' appl icable . N u m e r i c a l r e s u l t s a r e g iven 

for both the s imply-suppor ted and the bu i l t - in b e a m s 

have b e L ' : o l ; i ? e d r s ^ : : E q r 5 r a ' r ^ " ' ' ° ^ " ^ ^ ^ d i s t r i b u t e d load [f(,) 
amplitude R / e of the forcing f • • " ' ' ' " ' " ' " ^'^'- ^'^' ' ^ '^^" *^^ 
-1 ^ q /e £ {• th s i ! ll ^ ^ ' ' " ' * ^ ° " ^ ' ^™^11- '^^ r e s p o n s e is in the r a n g e 
When R /e is '.^^ l l ' ^ ^ ^ "^ * ^ * °' ^ - C r a t i n g b e a m wi thout s t o p s , 

ry large, the r e sponse is l ike a t w o - s p a n con t inuous b e a m 

1] 
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F o r t he i n t e r m e d i a t e va lue of a m p l i t u d e R / e , the r e s p o n s e p o s s e s s e s the 
j u m p p h e n o m e n o n . T h i s o c c u r s when the d r i v i n g f r e q u e n c y is in the r ange 
Ol S n fi CTi and is i l l u s t r a t e d in F i g s , 6 and 7, w h e r e the a m p l i t u d e follows 
the c u r v e ABC, then j u m p s down to E, and then on to F as the fo rc ing 
f r equency is i n c r e a s e d ; c o n v e r s e l y , when the fo rc ing f r equency is s lowly 
d e c r e a s e d , the j u m p o c c u r s at D, The n o n d i m e n s i o n a l a m p l i t u d e , w(5, T), 
is c o m p u t e d by s u b s t i t u t i n g the n o r m a l c o o r d i n a t e , q, ob ta ined f rom 
F i g , 4 o r 5, into Eq, 36 and u s i n g the a p p r o p r i a t e n o r m a l mode as given 
in Appendix A, 

T 

f 
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Fig. 4. Amplitude-response Curves of a 
Simply-supported Beam for a 
Damping Ratio of 0.1 (e = e/H; 
see Eqs. 36 for the displace­
ment of the beam). ANL Neg. 
No. 113-3280. 

Fig. 5. Amplitude-response Curves of a Built-
in Beam for a Damping Ratio of 0.1 
(e = 0.81 e/2.; see Eqs. 36 for the 
displacement of the beam). ANL 
Neg. No. 113-3275. 
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Fig, 6. Phase-response Curve of a 
Simply-supported Beam for 
R/e = 50 and a Damping 
Ratio of 0.1 (e = e/Z). 
ANL Neg. No. 113-3289. 

Fig. 7. Phase-response Curve of a 
Built-in Beam for R/e = 
500 and a Damping Rado 
of 0.1 (£ = 0.81 e/ii,). 
ANL Neg. No. 113-3285. 
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••n Eos 73 The s h e a r i n g f o r c e at 
The dynamic s t r e s s e s a - g^v^"J ^^^^ .^ j , . ^ , g and 9 when 

I = i , bending s t r e s s e s at % - - ^ " ^ ^ the m a x i m u m s t r e s s e s ; 
T - T i e at the ex t reme position. Those a r e tn 
they a r e quite sensit ive to the driving frequency. 
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NONDIMENSIONAL FORCING FREQUENCY, i i 

Fig, 8 
Amplitude Response andShearing Force 
Curves of a Simply-supported Beam 
for R/e = 1000 and Cj = 0.01 
(e = e /0 . ANL Neg. No, 113-3279. 

Fig. 9 
Bending Stresses of a Simply-supported 
Beam for R/e = 1000 and 5 j = 0.01 
(e = e/«,). ANL Neg. No. 113-3276. 

VI, C H A R A C T E R I S T I C S O F T H E I M P A C T 

A s i n d i c a t e d e a r l i e r , t h e a n a l y s i s i s b a s e d o n t h e a s s u m p t i o n t h a t 
t h e r e is no r e l a t i v e m o t i o n b e t w e e n t h e b e a m a n d t h e s t o p a t t h e c o n t a c t 
p o i n t . In r e a l i t y , t h e two b o d i e s s u f f e r a r e l a t i v e i n d e n t a t i o n i n t h e v i c i n i t y 
of t h e i m p a c t p o i n t in a d d i t i o n to b u l k d e f o r m a t i o n s of t h e o b j e c t s a s a 
w h o l e . F o r t h e e l a s t i c i n d e n t a t i o n , t h e H e r t z l a w i s w i d e l y u s e d i n t h e 
d y n a m i c c a s e , i , e . . 

a = K P ' 2/3 

(79) 

where a is the relat ive approach of the two bodies , P is the c o n t a c t f o r c e 
and K IS the Hertz constant. For pa r t i cu l a r g e o m e t r i e s , such as two 
cylinders in contact with their axes para l l e l , the H e r t z law 
imated by the l inear form m a y be a p p r o x -

(80) 

To investigate the effect of thp ^r.^^^ A..t 
a rea the lrrYr,p.t A i ^ I ^ de format ion at the c o n t a c t 

r a l ^ I a l V z T d i r e e S S . \ V A ^ e r r " " ^ " ^ ^ " °' ^ - ° ^ ^ " ^ ^ ^ ^ -
instantaneously brought to r e s t a f i ts two H " ' T 't''^' " ^ ' ° " ' ^ " '^ 
a spring with Jtiffnes's K, T h e t ^ p a r a n T ^ ' ' ^^'' " ' ' P ° ' " * ' " ' * ' ' ' ^ ' ' 
of the relat ive stiffness K AT 7 ^ ^ ^ * ^'^'^ ^^^ '^'^"ding s t r e s s a r e funct ions 
F r o m Eqs B 13 " ' ^ « / ^ b , where Kb is the s t i f fness of t he b e a m . 
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a n d 

a ( ? , T ) 
/EmV/^ 

IO(T) = C i ( E I m ,1/2^ 

( 8 1 

P l o t s of the coef f ic ien t s CT and CQ at | = -̂  a r e shown in F i g s , 10 and 11, 
T h e r e a r e double p e a k s if Ks/Kj^ is l a r g e . If the two bodies a r e p e r f e c t l y r ig id 
at contact point , i , e , , Kg/K^^ = «=, the f i r s t peak o c c u r s at T = 0 and is 
infinite. T h i s i s b e c a u s e it r e q u i r e s an inf ini te fo rce of z e r o d u r a t i o n to 
bring the b e a m to r e s t . On the o t h e r hand, if the r e l a t i v e s t i f fness is 
s m a l l , the f i r s t peak d i s a p p e a r s . T h e second peak of C j a l so depends on 
the r e l a t i v e s t i f f n e s s . T h e l a r g e r the r e l a t i v e s t i f fness , the l a r g e r the 
i m p a c t , as shown in F i g , 12, The s e c o n d p e a k o c c u r s when T is equal to 

L ' 1 ' 1 ' 

T 
-1 

Vl K j / V ^ 

' \ / lOOTO^ 

\ / \ ~ V / / <000 \̂ \ 
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—/-—• ^^""""~~~-A 
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— 

N I " 
0.02 0,04 0.06 

NONDIMENSIONAL TIME. T 

0,01 0,02 0,03 0,04 0,05 0,0 

NONDIMENSIONAL TIME, T 

Fig. 10 
History of Impact Developed 
by Instantaneous Arrest of a 
Moving Beam. ANL Neg. 
No. 113-3273 Rev. 1. 

Hg. 11 
History of Bending Stress at Midspan 
Developed by the Instantaneous Ar­
rest of a Moving Beam. ANL Neg, 
No. 113-3287. 
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Fig. 12 

Impact on a Spring at Midpoint Developed by the 
Instantaneous Arrest of a Moving Beam. ANL Neg. 
No. 113-3283, 
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a quar te r of the period of fundamental n ^ of t h e ^ b e a n . J ^ ^ ^ - ^ • ^ - ; ^ ^ 

the bending s t r e s s possesses orily °^^J ' ^ h e d i f f e r ence in the 
however, the f irs t peak is sma l l e r '^an the secon ^^^ ^^^^ 

Histories - - ^ - ^ - ^ t l ^ ' J ^ a e ^ f o f t V e T ; : ve loc i ty , to r e a c h the 
that it requi res a finite " - ^ ' ^ ^ P B ^ , if the s top is qu i t e r i g id . 

^ d : ^ ^ p s ^ : ^ r ; : ^ m ; c t ^ L T a : t l e o u s l y and the fo rce is . . local ized. , in 

the impact a rea . 

Figure 12 indicates that if KJK^ is l a r g e r than 10^ a r i g i d s t op 
can be assumed. In such a c i r cums tance , the ene rgy r e q u i r e d to p r o d u c e 
the local deformation is only a smal l f ract ion of the to ta l ene rgy , and the 
assumption of negligible local deformation is jus t i f ied . 

VII, APPLICATION: T U B E - B A F F L E IMPACT 
IN EBR-II SUPERHEATER 

The method developed e a r l i e r in this r e p o r t is appl ied to s tudy 
tube-baffle interaction in the EBR-II s t e a m s u p e r h e a t e r . P e r t i n e n t d a t a " 
are given in Table I, and a simplified model is shown in F i g , 13, 

TABLE I, Data for EBR-I I S u p e r h e a t e r 

Mater ia l 
Tube diameter 

Typical baffle spacing 
Baffle hole d iamete r 
Young.s modulus 
Mater ia l density 
Mean crossflow velocity 

Croloy (2^% C r - 1 % Mo) 
do = 1,438 in, 
di = 1,065 in, 
t / 2 = 6,5 ft 
do + 2e = 1,50 in, 
E = 26 X lO ' lb / in ,^ 
0,2 8 l b / i n , ' 
Uo = 5,26 f t / s e c 

Fig. 13 

Simplified Model of Tube Baffle in EBR-II 
Superheater, ANL Neg. No, 113-3290. 

The distributed t r a n s v e r s e force is induced by v o r t e x s h e d d i n g 
and can be approximated by 

F(x,t) = iCkPU^doSinmt, (82) 

I x p e c i e r t o ' b t " °f " ° " " ° " " ' ' ° " * ^ '^'''^^ *^^ l^"gt^^ °f '^- t-t>e is not 

Jn:r ::irci;trpre?s::rrfVrt -"-'-" —^''- ̂ ^̂̂ ^̂̂-



U^(x) = Ujf(x), 

The distributed force can now be written 

F(x,t) = (|CkpU|do)f(x) sin (ut 

and, in dimensionless form, as 

Q ( ? , T ) = Rf(|) sin nr, 

(83) 

(84) 

85 

where 

and 

^ ^^CkpU^odo't' 
E l 

M + m \'/^ 

(86) 

The vortex-shedding frequency, ID, is characterized by the Strouhal 

number 

mdp 
2TTUQ 

(87) 

and is additionally a function of the t ransverse and longitudinal spacing 
between adjacent tubes. For a single tube, the vortex-shedding frequency 
is character ized by a Strouhal number of 0,2, For the tube-spacing and 
flow orientation in the EBR-II s team superheater , the vortex-shedding 
frequency (based on an experimental study by Chen'^) is represented by a 
Strouhal number of 0 ,66," The dimensionless forcing frequencies, n, 
corresponding to these Strouhal numbers are 16 (Ng = 0,2; single-tube 
value) and 52,8 (Ng = 0,66; tube-bank value), as computed from Eq, 87, 
If we assume a lift coefficient of unity (Ck = l) and use the data of 
Table I, Eqs, 86 yield R = 0,230, 

The support conditions at the two ends are not known. To better 
understand the influence of boundary conditions, both simply-supported and 
built-in conditions are assumed and the following cases are studied: 

1, 
Simply-supported tube with uniform flow distribution [f(x) = l] ; 

e/l and R /e = 1157, 
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2 . S i m p l y - s u p p o r t e d t u b e w i 

a s s u m i n g 

th n o n u n i f o r m f l o w d i s t r i b u t i o n , 

, , n , nx _ /,(, a n d R / e = H S ^ . 
f(x) = Y s i n - J . e - e / / 

3 , B u i l t - i n t u b e w i t h u n i f o r m 
f low d i s t r i b u t i o n [f(x) = 1] ; 

c = 0 , 8 l ( e / - t ) and R / e = 1428 , 

T h e a m p l i t u d e - r e s p o n s e c u r v e s a r e s h o w n i n F i g , 14, w h e r e a d a m p i n g 
T h e a m p l i t u p ^ „ , , , o n d i n g d e f l e c t i o n , s h e a r i n g f o r c e , a n d 

b i n d i n g ^ t r L s of the t u b e w h e n i t ' s a t t h e t w o e x t r e m e b a f f l e l o c a t i o n s 

a r e g iven in F i g s , 1 5 - 1 7 , 

Fig, 14, Amplitude-responseCurves of Tubes 
in EBR-n Superheater. ANL Neg, 
No, 113-3272 Rev, 1. 

Fig. 15. Dynamic Responses of a Simply-
supported Tube in EBR-II Super­
heater Excited by Uniform Cross-
flow. SoUd lines for 9. = 52.8; 
dotted lines for Q. = 16.0. ANL 
Neg, No. 113-3274. 

4000 

2000 

Fig, 16. Dynamic Responsesof a Simply-
supported Tube in EBR-II Super­
heater Excited by Nonuniform 
Crossflow. Solid lines for fl = 
52,8; dotted lines for fi = 16.0. 
ANL Neg, No. 113-3284, 

Fig. 17. Dynamic Responsesof a Built-in 
Tube in EBR-n Superheater Ex­
cited by Uniform Crossflow. 
SoUd lines for fl = 52.8; dotted 
Unes for Q = 16.0 ANL Neg. 
No. 113-3277. 
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For a single tube (fl = 16), the s t r ess level is very low; this is be­
cause the forcing frequency is far from the resonant frequency, as shown 
in Fig, 14 as operating point 1, However, for the tube bank (O = 52.8), 
the s t r e s s is relatively high for the simply-supported tube; this is because 
the forcing frequency is almost the same as the resonant frequency. If the 
tube is fixed at its two ends, the maximum s t r e s s is reduced by about 50%, 
This reduction is attributed to the increase in natural frequency of the tube. 

A few remarks should be made concerning the responses in this 
example; (a) In Figs , 15-17, the curves plotted with solid lines correspond 
to point 2 in Fig, 14, At this driving frequency, there is another stable point 
(point 3) at which the s t r e s s is very small . Whether the tube responds at 
point 2 or 3 depends on the increase or decrease of the driving frequency, 
as discussed in Section V, the response at point 2 represents the worst case, 
(b) The responses for uniform and nonuniform flow distribution are quite 
s imilar , (c) Comparing the responses between simply-supported and built-
in ends i l lus t ra tes that boundary conditions have a significant influence, 
(d) The examples given here demonstrate the method of analysis. The result 
is based on the assumption that the lift coefficient C^ is well understood, and 
its value has been taken as unity. However, at this time the essential 
question remaining is "What is the magnitude of fluid dynamic force when 
the fluid is flowing past a vibrating tube?". This must be answered before 
the problem of crossflow-induced vibration can be solved completely. 

VIII. CONCLUDING REMARKS 

1, A method has been presented for studying the dynamic response 
of a beam with deflection r e s i s t o r s . This metho'd can be applied to beams 
with various boundary conditions. By the same approach, it is easily 
extended to other elastic systems such as plate-vibration problems. 

2 The stops play an important role for certain ranges of R /e in 
which the system possesses the propert ies associated with nonlinear 
vibration. For a small value of R/e , the beam can be treated as one 
without stops, and its resonant frequency is Ci,. For a large value of R/e, 
the system becomes a two-span continuous beam, and the resonant fre­
quency is ni. Within the intermediate range of_R/e, the resonant frequency 
is amplitude-dependent and is between Qi and Qi. 

3 The most unfavorable condition is the coincidence of the forcing 
frequency and the natural frequency of the system. In any case, periodic 
disturbances near the natural frequency of the system should be suppressed 
in order to reduce the amplitude of vibration, e.g., by reducing the span, 
increasing the rigidity, or changing the support condition. 



3b 

, f „ the local d e f o r m a t i o n at the s t ops 
4. The assumption of - g l e c t i n g ^h^ 1 - a l ^ ^ ^ ^ ^ ^ ^ , . , , 1 ^ , 

is justified, provided the ='°P« ^J^^^^;^ a s s o c i a t e d with the loca l d e f o r m a -
K C / K K > 10', In these cases , the energy as 
fion is only a smal l fraction of the total ene rgy . 

v,i„ tVif. r p s o o n s e due to tube -ba f f l e 
' . ^ ° r S r r s u T e 7 h r r ° , t r i r i : r p r o b I e m to be s ^ v e d is 

interact ion m the EBR II « ^ P " ^ especia l ly ( l ) the fundamen ta l v o r t e x -

(2) f lu id-s t ructure coupling, 

6 If either the geometry or the forcing function is not s y m m e t r i c , 
more modes should be included in finding the ..gross." r e s p o n s e . 
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A P P E N D I X A 

E igen func t ions , N a t u r a l F r e q u e n c i e s , and 
R e l a t e d B e a m - v i b r a t i o n Da ta 

1, S i m p l y - s u p p o r t e d B e a m ( see F i g . A . l ) 

t 
A 

\ 
A 

J 

,«-

f 

(a) 

Fig. A.l 

Coordinates for (a) Simply-supported and 

(b) Built-in Beams, ANL Neg, No. 113-3281, 

>,(«) 

.J 
(b) 

a. No C o n t a c t wi th Stop 

C h a r a c t e r i s t i c equat ion: s in ki 

N a t u r a l f r e q u e n c i e s : 

E i g e n f u n c t i o n s : 

i 

k i 

1 

TT 

2^ 

2TT 

3 

3TT 

4 

4 n 

Qi = k?, i = 1, 2, 

cPi(l) = sin (irrl) 

9 i ( 1) = 1 

5 

5n 

3 , 

Mi = r cp| d? = i 
•'0 

b . Hav ing C o n t a c t wi th Stop 

C h a r a c t e r i s t i c equat ion: t an \^-j 
ki 

= tanh \ — 

i 

k i 

1 

7,86 

2 

14,1 

3 

20,4 

4 

26,7 

5 

33,0 



Natura l frequencies 

Eigenfunctions: 

n _ k?, i = 1 ,2 , 3, . . . 

s in (k i /2 ) 
(k i l ) - . ,^ u. ^i"^^ (^i?) ^.(1) = s m tk i^ ; - ^ . ^ j ^ ( - ^ 2 ) 

Jo \ sinh^ 

Cm = f tPntPi<l? 
Jo 

[i(kj-TT)] sin [ |(ki + TT)] Zki c o s ^ 2 

- k? + n ' k , - TT k i + TT 

2. Fixed-Fixed Beam (see Fig, A. l ) 

a. No Contact with Stop 

Charac te r i s t i c equation: cos (k;) cosh (kj) = 1 

i 

ki 

1 

4.73 

2 

7.85 

3 

11.0 

4 

14.1 

5 

17.3 

Natural f requencies: 0^ = k^ 

Eigenfunctions: %{i) 
cosh (k i l ) cos (ki l ) 

1 
Ml = <f\(l) d | = -

j„ 2 cosh^ (k. /2) 

1 

cosh (k i /2) cos (k i /2 ) 

tpi(O) = 1.239 

s inh (k.) + 1 

— sin (kj) + 1 
2 cos^ (ky2) 

tanh (ki/2) + tan (k i /2) 
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b. Having Contact with Stop 

Character is t ic equation: cos (ki/2) cosh (ki/2) = 1 

i 

ki 

1 

9,46 

2 

15,7 

3 

22.0 

4 

28.2 

5 

34,6 

Natural frequencies: ^i = k̂  

Eigenfunctions: 

i = r ' 9 | d i = Mi 
• ' 0 

Cni = / ' tPnVidI 
•̂  0 

cosh (kig) cos (kil) 

'Pi*̂ ' = cosh (ki/4) ' cos (ki/4) 

M 

cosh (kn/2) kn + ki 
=- sinh T(kn + ki) 

tanh (ki/4)Jcosh - ( k n + ki) - ij-

— - - ^ ( s i n - ( k n + ki) 
n + ki V [2 cos (kn/2) k 

i/4){c tan (ki/4)•(cos -̂  (kn + ki! 

- 2 tan (ky4) ^ i k n t̂ "*^ (kn/2) sin (ki/2) 
kn + ki I 

- k i cos (k i /2) + ^^^h (k kn/2)J 

2 tanh (ki/4) - , -^ 
kn + '̂ i 

-kn tan (kn/2) sinh (ki/2) 

ki cosh (ki/2) + ^os (kn/2) 

^ \ [sinh (ki/2) - t^"h (ki/4) cosh (k,/2) 
K + k? L 
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t a n h ( k i / 4 ) 3 in (k i /2 ) 
+ "^^77^2) 

+ r f 7 f e [tanh (k,/4) tan (kn/2) s inh (ki /2) 

tan (kn/2) cosh (ki/2) - tanh (kn/2) cos ( k i ^ ) ] 
+ 

+ c{ii 

vhere 

and 

1 + ^ 
cosh (k„/2) cos (kn/2) 

if kn = ki . 

1 1 

'n i cosh (kn/2) ^ - k^ 

' l 

sinh - ^ ( k i - k n ) 

-tanh (ki/4) j cosh - (ki - kn) - 11 

cos (kn/2) ki - kn 

-tan (ki/4) i cos 

2 ( k i - k n ) 

| ( k i - k n ) •}) l\). i f k n / k i . 
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APPENDIX B 

Dynamic St resses and Impact Developed by 
the Instantaneous Ar re s t of a Moving Beam 

When a beam under uniform translation at a velocity u is brought 
to res t instantaneously at two ends and hits a spring stop at its midpoint 

(see Fig. B.l) , an infinite number of 
modes of vibration are excited. This 

~\ problem is analyzed to investigate 
the s t r e s ses produced in the beam 
and the impact at the stop. The field 
equations are 

//2 - / / 2 -
W(0,T) 

W(1,T) 

6"w 
6 | 4 6 T 

. ( 0 , T ) 

• ( 1 , T ) 

6w 

0, 

0, 

Fig. B.l. A Moving Beam Striking a Spring Stop 
atMidspan. ANL Neg. No. 113-3288. W ' . . ( } , T ) = 2 4 R S W ( - | , T ) , 

(B . l ) 

( B , 2 ) 

(B.3) 

and 

W ( 0 , T ) = 0, 

(B,4) 

W(0,T) = V, 

where 

m'"" 
R ^ = Kb/Kg 

(B,5) 

and Kb is the stiffness constant of the beam (Kb = 48 El /^ ' ) , With a modal 
method of analysis , the solution is written 

W(|,T) = I'iii^hiH)- '̂ -^^ 

Since u IS uniform across the length of the beam, only symmetric modes 

are excited. The field equations indicate that the mode-shape functions 

are 
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9i(5) (kil) 
cos (ki/2) 

cosh (ki/2) 
ih (kil) 

(B.7) 

where ki is the solution of the equation 

k? 
tan (ki/2) = tanh (ki/2) - y ^ ' 

(B.8) 

as l i s t e d in T a b l e B.I , 

finds for the normal coordinates 

and 

qi + 2Ciqi + niqi= °-

q.(0) = 0, 

î(°) = wr 
where 

and 

M 
•'a ^ 

S: = f Cpid) d | , 

ccQi 3 
Ci 

Oi = k?. 

20; 

( B , 9 ) 

( B . I O ) 

TABLE B.I, Eigenvalues for a Simply-supported Beam 
with an Elastic Support at Midpoint 

k i 

k, 

k i 

k3 
k< 

ks 
ks 
k, 

k« 

^ 
kio 

1 

1.8612 

4.7267 

7.8570 
10.996 

14.137 
17.279 

23.562 
26.703 
29.845 

10 

2.7568 
4.8614 

7.8855 
11.006 
14.142 

17.281 
20,422 
23.563 
26.704 
29.845 

Rs 

100 

3.7215 
5.9182 

8.2099 
11.117 

14.192 

17.308 
20 ,438 
23.573 
26 .711 
29.850 

1.000 

3.9062 
6 .9436 
9 .7840 

12.323 

14.840 

17.638 
20 .623 

23 .688 
26 .787 
29 .904 

10 ,000 

3 ,924 
7 .0567 

10.173 
13.267 

16.325 
19,327 

2 2 . 2 5 0 

2 5 . 0 8 0 
2 7 . 8 5 8 
30 .670 

100 ,000 

3 .9263 
7 ,0673 

10 .206 

13.343 

16 .478 

19 .609 
2 2 . 7 3 5 
25 .857 

2 8 . 9 7 1 

3 2 . 0 7 8 
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The solution to Eqs. B.9 takes one of three forms, depending on the mag­
nitude of £i 

qi(-^) = si .^i i^ ' '^ ' 

where 

Mi 

for Ci > 1. qi('^) 

(B,l l) 

^ / £ ^ ^ n i 
• ^ i " i % i n h ( y ^ f ^ n i T ) 

for Ci = 1, qi(T) = T. 
- Q i T (B.12) 

for Ci < 1. qi(T) • C i " i % i n ( y T ^ n i T ) . 

The bending s t ress of the beam and the impact at spring are 

1/2 

a ( | , T ) 

and 

where 

y. (B.13) 

I„(T) = Ci(EIm)'^^^ 

Si 

Ca = Zqi(^K'(5)iz 
i 1 

C I = 2Xqi(T)cpi"(j)j^^ 
i 

The bending s t ress at a given percentage of distance from the stop 
is independent of the length of the beam; the impact varies - - " - ^ V J^^J;;^^ 
ength of the beam. This is because when the beam is shorter the natural 

frequencies will be higher and the time required to bring the beam to stop 
will be shorter , thus requiring a larger force at the stop. 

and 
(B.14) 
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